CE 5690 - Descriptive Modeling of Data

Review of Probability Theory
g Probability — how we describe the likelihood of different events
S -- the language of uncertainty
2eg
5 Experiment — any process whose outcome is subject to uncertainty
ot
U Sample Space .S -~ set of all possible outcomes
E
o t Sample pointx — one single outcome =~ x € S
-
Y Event E -- a subset of § EcS
"
=
§- % Simple Events -- a set containing a single sample point & = 5@&,?3
S .
g Compound Events -- a set containing more than one sample point
(Ve

E:%\,L.%% oy E'*-T.D\\‘X

R ot F'son indervad 0,1

Review of Set Theory

Let A and B be two events in the sample space 5.

Set Operations:

et of all oudcomes Yot b&lc?vxﬂ ‘o

Union (U)
ewher A oy B Cor both)

Ex. Qﬂlmq adie
9=31,2345 638
=2

Ex. Rolladie

Az $2468 alleven rolly
3= %4,5‘,(& roll of at m+L}

AUR= 324565

ALB
Intersection (M) F +tomes 1n g hat - 4?
Set o U b ond B ANB = 34 6T
ANB belong o b 71 an
Complement (') A' 3 (ot OF otcormes 1IN LS‘ Shat s ;5%
L = 3
Ao A® DoNOT leelong o A A L2
. .. A a-nd E
Mutually exclusive or disjoint events; empty set ¢ Fre .2
Aand B have no ourcomes yn common mdmuj B CLUSIVE
A and B ave mwhally pxclusiice F Ane = ¢ NC.
Collectively Exhaustive N
SU»PPOSE Al‘ﬁ\z TN An wre n evt\’\'*s in 8 {:K' A(\P\c:? ¢

If UA= S +hen these n events are collechiely exhaushie

ol

a VA UA. = 8

AuAac =7 S
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Axioms for Probability
P() is a function that maps subsets of .§ into [0,1]

- a5S\g0 a prilbabitihy t eveny oubme in S
* mappwnyg of* an event b ooread nuunbeer

1) For every event A, P(A) = C.
2) For the sample space 5, P(.5) =1.

3) {Ai|i=1,...,n}isafinite collection

of mutually exclusive events, then

P(A1UA U --UAy) = X P(A)

= I ANB =F, +hen P(AVB) = P(A) +P(B)

Properties of Probability that follow from Axioms

i)

P(A) < 1
Becaust PLAY) 770 hy axtem 4.
P(A) s| sanen PLA) = L =R CASD

if} For every event A, P(A) = 1-P(A")
S:AUAC e FCAUE‘%“_):‘PCS\:‘ P(A\-_—_\_P[’AL)
Brism 3 — POAUAS) = PCA) + PLAS)
i) P(¢)S=(lw§1e6e %isﬂiemeﬁt:ﬁ}____g ond Sand @ e dasjorak
=p(3)= PCS OB = PCS)+PCH)
iv)  For mutually exclusive events Aand B, P (An B) =0.
ANB=p . P(ANB) = P(w)=0%
V) For any two events, P( A U B)=P(A) + P(B) - P (AnB)

>
What abeut Yhice events? A®BCC

PCAUBUO) = P(A +P(BD 47CC) —PCAND)
~pCnc) —PCANQ + PCANBNC)
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Conditional Probability: P( A | B) = Probability of A given that B occurred.
Definition: P(A | B) = P(AnB) / P(B)

Result: P(AnB) = P(A | B)*P(B)

* Revisin of pwbabilidy assignment given new infevmadom

PCA) = prov probobodia of A
PCAVE) = postenda’ probobury A given B already cccturved

o : — Reduthim of sample tpacs becouse lcnew B occired.
G&B P(atg) = PLAOB) portum of outeomes in B whieh
£ PLB) are alse contauned n A.
AN

Law of Total Probability
Let Ey, Eo, -+, En be a partition of the sample space S

Note: {E1, Bz, -+, En} is a partition of the sample space §
if they are muttually exclusive & collectively exhaustive.
i.e. every pointin § is contained in one and only one Ei.

Then for any event A, P(4) = ZN:P(A | E,)P(E,)

=1

Pock: A= U [ANE]
! L= &E-Lg dsioint

PCA) = 4 PA0ED = 2‘_, P (a\E) POE)

i=1

Uc;md.dwx\ai_,nmh
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Bayes Theorem
Let Ei, By, -+, Bn be a partition of the sample space .§
with P(E;)>0fori=1,.., n

P(A| E)P(E,)

Y. P(4]E)P(E)
i=]

Then for any event A for which P(A)>0:  P(E,|4)=

Pref: Ple)N)= P(E,;?P? <« condechonal proabii,
PLA

= POAIEL) PCEL)
PEA)

_ PCALE) PER)
3 pealE) PEED & Laww of Tutal Pobokilfy

Example. Souppoze T have wo colns. A 1s Falr, Yhe ofer hastwe heeds,

T derald seliet oo corn and Hup i,
(o) ’Lvﬁ/ﬁo: nlS %\Edprbba/bdﬂg T get haads e e s 7

U2 Lo of Soted prowobiling

Lot B Fair Coin Souted 3 E2=THo hnded cnn selected

P (HH) %’PCHH!E‘[) ped) = P (wle) P(EV)
- +p (HH (€ PCE2)

_—_Ct/,_o(t/l_) 4+ (‘X‘/P—) = 5Z_§
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o d H e 7
(b) (:\l/l\rief&nft‘tffepmbcubddg scliofed Tvvo headed ocotn?E

P(E, |H) = o (11 E2) P(E)
S p(HH|E ) PED
P HHlE,) PCE2)
PLiH)

(V2) — "1'/5—-
5/ —

]

Independence
Definition of Independence: When knowledge of one event A has no impact on the

probability of another B. ALB i roll of me die dees net
influena  enginer
In mathematical notation, events A and B < S are independent if and only if -
P(B | A) =F(B)

Theorem
If events A and B are independent then

)  P(B|A)=PB) - defndum

By adnidim of independuno

.. Cond - Prio. /"—\
B FAIB=EE PCANE) PCBIAY PR _ PPN pepy
PCAIBY = e P(B) P(Bd

i) P(AnB)= P(A)P(B)

)‘:_ PCA lB) ?(‘E’)

PCANB
= p (AOPLB).

QYT ALRB can A and B odso be &S;)mrﬁ?
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LD
(EANTPALD

O

PCAIB) = Prbabildy of A given ot B occiuwved.

= PCA\E‘:)‘“ P(APQB)) oy _'PCA(\B):P(AlB)*PCB)
_ 4 HNB) = PLATB =T

'PCsD A4,

& Sam ’UL ace has.
S

| | | S&Var ot
. /ﬂ&&udmy Eient Acmd E,

15 TP B o, Sa.YY)PLLSPa_C_ﬂ
s re,d,ucﬁe\ o

'::L ‘

| 'P_CB\B) =1

S vevise Pmb&bl\l‘lj asg\gne_elh A 'n \xgh%- D\C newtm‘-"ﬂm)'\od\w
Cre Boccwwed o

PA) - Pnov P}’bba}?lh"kf aﬂ A
&—prbbabz ﬂy A will occeer relative o a,ll mﬂmef mJ’

- P(Ans) p@ |
P(A) = PCAIS) = PCS) R

-

- Whad- s the pobabiltty 7 get /wzaév o beth Ays?

Just pese guestions

P(’A‘IB) P(’AMB) = Pav‘hcm OFOLL'/'CGTHCJ 17 8
' —PCB) o wm&h A E 6155‘0 cmﬁzmgc/ /,7'4

Ex. Suppose I have two cons m ’”fj poc.é;eﬂ‘-
One 1s fasr and e other hastwe /mﬁés’ |
Q. ZF T randemly setect-a coin and Ftip i fwza,,

Q. Now, seqppose T select 4 coity dﬂo/ sre s e fair wm

L whatis #he pmbafﬂffh‘y T je+ heads on both Flrps?
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S |
o < Tarhfun samplespace

witkh putually exclusive

+ collechvely exhaustive ewents.

;"Wany ew;m‘ A, P(A) Z P(A}EL) P(E)
[AOET

t*-

P@g{:? A=
| '. . .l E.'s mradflSJom-\-
'P(_,af) =

(\A‘:: ’_'. M= |

"

P(;‘HE) PED

i

14

._..‘

]‘ﬁ Ex. ?@Ha _ -
Ez; Er, 5 o Par‘-h-\-\m oft S.
ran curt b prain)e

PlA JEQ PCE;J
3 P(M B) ?ca

BRI

PCA mﬂ der}wnn.ﬁ P}'bbabt(rla..

Prrof* P(E,cl,af)s PCEKAFD « codihomal prtabiliy
B A
= P(A’Ey_) ‘P(Ey_) REW@CC/
. T g
; (A&) ?cgg) |
C Yple) vce) e-—,_aw@#mw mm/fg

=1

- Ex.Yart b |
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EXC{ W _TUOO Colrs *One F-CU.\/OHQ TWC:H deg e

(@) IF T randomly Select a coin and iy /*+Wrc.e,

el
(UEARTPAL

“ vvha{- s +he pmlaabllﬁy £98+ mctds lac:+h+lM€§7

hns. L€'3‘ E = Fair Coin S-z,l.u:klé

Two heo.ch:,d ccbm S—EJ.LG}EQL

| ?CE')% ."? %IF mmim&tltm
P(Ez): 0, g‘ A%uwe o;qwaﬂ"w"mfy

L—ssamp&’— space fer coh ﬁ(,a_r Fbssz/a& ow‘Wc’s
HH #T,TH T o

| -P(HHIEB-—*? 025 = Far win
PLHH[BD 2w

| ::y=? p(Hm 2 P(HH\E)?CE\ |
~ PCMIED PEE) T mmﬁa P(Ez) e

__ = OZS[OT)-’rIO(OS') 5’/3/

b of ol P@M@
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j?—;‘l
(LEAATEAD

'm(b) ‘Now, wha+ iF T vandemly select o coin and Hip riwice.

JF I get heads both Himes, what s+he pmmbflrlg
T ad‘f'/’!t?‘/WDheadec/aDm;’_ |

PCE;’HH’):? ""“?Bcpﬂf_s _ﬂf\eorem |

: PCEZ)H\-D PCHiIE, ) PCEL)
| fPCHJHE )PCCB & Pﬂ"“’“- |

= ﬂ\m\eg (6

R - (13('/7)- = M
=




